Abstract. We consider a model of two interacting always-on, exchange-only qubits for which controlled phase (CP HASE), controlled NOT (CN OT ), quantum Fourier transform (QF T ) and SW AP operations can be implemented only in a few electrical pulses in a nanosecond time scale. Each qubit is built of three quantum dots (TQD) in a triangular geometry with three electron spins which are always kept coupled by exchange interactions only. The qubit states are encoded in a doublet subspace and are fully electrically controlled by a voltage applied to gate electrodes. The two qubit quantum gates are realized by short electrical pulses which change the triangular symmetry of TQD and switch on exchange interaction between the qubits. We found an optimal configuration to implement the CP HASE gate by a single pulse of the order 2.3 ns. Using this gate, in combination with single qubit operations, we searched for optimal conditions to perform the other gates: CN OT , QF T and SW AP . Our studies take into account environment effects and leakage processes as well. The results suggest that the system can be implemented for fault tolerant quantum computations.
Introduction
The basic unit in quantum computers is a qubit, which can be physically realized in superconducting circuits [1] , trapped ions [2] , photons [3, 4] , molecular magnets [5] , or a single defect in diamonds [6] . Recent progress in experimental fabrication of semiconducting quantum dots (QDs) makes them one of the most perspective for quantum computation [7] . By standard lithographic methods one can achieve large arrays of QDs which can work as multi qubit quantum register required in universal quantum computations. Full control of the device can be performed purely electrically by gate voltages applied to external electrodes. Sensitive methods of detecting single electron dynamics in QD, for example by measuring currents in quantum point contacts qubit encoded in the linear TQD system. They estimated the gate operation time at 21 ns. Pal et al. [38] proposed capacitively-coupled two exchange-only qubits for which the CNOT gate can be performed by varying the level splitting of individual qubits and the inter-qubit coupling time.
In this paper we consider two interacting AEON qubits each encoded in the triangular configuration of TQD. Earlier it was shown that the qubit states are sensitive to breaking of the triangular symmetry [24, 26, 27] . Moreover, in the triangular TQD any qubit state on the Bloch sphere can be easily generated by an adiabatic LandauZener transition [28] , which is in contrast to the linear geometry where one of the poles of the Bloch sphere is favorable. This gives opportunity to construct multi-qubit register where each qubit can be encoded in a desired state. Recently Noiri et al. [39] showed an experimental realization of the TQD system in the triangular geometry formed at a GaAs/AlGaAs hetero-interface. Applying a potential gate voltage between the dots they were able to control the tunnelling barriers. This experiment suggests that the symmetry of TQD as well as exchange interactions can be fully electrical controlled by tunable inter-dot tunnel couplings.
Our main purpose is to study the two-qubit operations as CP HASE, CN OT , quantum Fourier transform (QF T ) and SW AP which can been done in few impulses only. First we will consider implementation of the CP HASE gate in two coupled triangular TQD systems and show that it can be performed by a single electrical pulse only. Next this gate, in combination with the one qubit operations, will be used to search a most optimal configuration to perform the CN OT and QF T gates. In the previous paper [27] we showed that one-qubit gates can be performed in a single step by a quick change of the symmetry of the triangular TQD system. This gives the opportunity to implement the CN OT in 3 pulses only. In the earlier paper, by DiVincenzo et al. [19] , CN OT required 19 pulses and by Shi et al. [29] -14 pulses. The SW AP operation is usually implemented by three CN OT gates [40] . Moreover we will show how to directly perform SW AP by only two pulses: switching on the exchange interaction between the qubits and simultaneously performing the Pauli X-gate.
The research of two-qubit logical operations is supplemented by an analysis of a role of an environment which disturbs the quantum system and its control. In the exchange only qubits, the main sources of the decoherence are the magnetic noise [41] due to nuclear spins and the charge noise [42] related with the random potential fluctuations of the experimental set-up. For the single qubit those effects can be suppressed by encoding the qubit in the DFS subspace [20] and operating in the sweet spot [34] . In this paper we focus on potential fluctuations breaking the triangular symmetry of the system and their influence on two-qubit logical operations. We estimate the fidelity and leakage of the two-qubit gates performed close to the optimal conditions. These results are essential for implementation of the considered systems in fault tolerant quantum computations.
The paper is organized as follows. Section 2 describes the model of single-and two-qubit system encoded in the triangular geometry of TQD. In Section 3 we study in details the two-qubit logical quantum operations. The analysis of the leakage and the fidelity of performed gates is presented in Sec. 4. Finally we conclude the paper in Section 5.
Modeling of two-qubit system
We will consider two interacting exchange only spin qubits, each built on three coherently coupled quantum dots (TQD) in the triangular geometry -see figure 1.
Single qubit
First, we briefly describe the single TQD system, which dynamics is governed by an extended Hubbard Hamiltonian [30] 
where i is a local site energy, t i,i+1 is a hopping parameter between the dots and U i describes a intra-dot Coulomb interaction. The direct interaction J dir i,i+1 originates from a quantum exchange term of the Coulomb interaction between electrons on the dots i and i + 1 [43] . For a defined confinement potential it can be calculated by means of the Heitler-London and Hund-Mulliken method as a function of the interdot distance, the potential barrier and the magnetic field [44, 45] . In experiments on exchange qubits these parameters can be purely electrical controlled by potential voltages applied to the quantum dots [22, 23] . It has been shown [46] that for several spins engaged in mutual interactions, both the quantitative and qualitative effects arise which modify the standard form of the Heisenberg exchange interaction. The last term in (1) corresponds to the Zeeman splitting by an external magnetic field B z (µ B is the Bohr magneton, g is the electron g-factor).
We assume that the qubit system is in the charge region (1,1,1), with one electron on each dot. Deep in this region there is the sweet spot, which can be easily achieved experimentally be proper shifting the local site energies i [21, 22, 23] . For the large Coulomb interaction U |t i,i+1 | one can use the canonical transformation [47] , which excludes the local two-electron states, to get an effective spin Hamiltonian:
Here, a total exchange interaction
contains the direct exchange, J dir i,i+1 , and the Anderson kinetic exchange J kin i,i+1 , which is derived within the second order perturbation theory as J kin i,i+1 = 4t
. The Hamiltonian (2) describes the AEON qubit for which the exchange interactions are controlled electrically by the gate potentials V i,i+1 applied between two neighbour dots (similarly as was done in a gate-defined TQD device in a GaAs 2DEG with tunable inter-dot tunnel barriers [39] ). For the linear approximation
, where j V is a sensitivity of the exchange coupling to the gate voltage V i,i+1 . This kind of the exchange control can keep the qubit always in the sweet spot which causes less charge fluctuation than e.g. the detuning the local energy levels on each quantum dot [34] . In this paper we are interested in the analysis of the symmetry breaking effects, therefore it is more suitable to express the gate voltages as an effective electric field E. For a small value of E the exchange couplings can be expressed as
where g E = e|E||r 1 − r 2 |/2, r i is the vector showing the position of the i-th quantum dot and α is the angle between the vectors of electric field and r 1 . For three spins in single TQD there are two possible subspaces, with the quadruplets and the doublets. The quadruplet states with the total spin S = 3/2 and S z = ±1/2, ±3/2 are given by:
and similar functions for opposite spin orientations. Energy of these states is E Sz Q = −gµ B B z S z . The second subspace is formed by the doublet states with S = 1/2 and S z = ±1/2. For S z = +1/2 we choose the basis:
where
= | ↑ i ↑ j are the triplet states on the bond ij. Similarly one can express the doublets for S z = −1/2 reversing all spin orientations.
We assume that the qubit A (B) is encoded in the doublet subspace |0 1/2 and |1 1/2 , Eqs. (6)- (7). In further considerations the spin index is omitted for simplification of the notation. The Heisenberg Hamiltonian (2) in the qubit basis can be rewritten in the form, where the index A (B) have been added to distinguish the qubits:
where I is a identity matrix, σ x and σ z are the Pauli matrices, and
Notice that H A describes the single qubit in an effective magnetic field b = (γ A , 0, δ A ), with γ A and δ A to be its the x and z component. The eigenvalues of H A are:
A E /2 is the doublet splitting. Taking parameters suitable for Si/SiGe quantum dots [48] one can estimate ∆ A ≈ 24.6µeV. Similarly for qubit B.
The qubit initialization can be performed by an adiabatic Landau-Zener transition [22, 28] to the charge region (1, 1, 1) form a neighbour charge state. In this passage one can control, by another set of potential gates, the exchange couplings, and finally, reach the sweet spot with well defined the triangular symmetry of the TQD system, with a given orientation of the electric field E. If α = 0, the electric field is oriented toward the dot 1, the qubit parameters are γ A = 0 and δ A = −3/2g A E , then the qubit is encoded in the state |1 -pointing to the south pole of the Bloch sphere. For the opposite orientation of the electric field, α = π, the parameter δ A = 3/2g E > 0 which enables preparation of the qubit in the state |0 -pointing to the north pole. Notice, that this procedure always provides initialization of the qubit in the ground state.
After the Landau-Zener passage to the sweet spot and the initialization of the qubit one can perform one-qubit quantum gates -only a single step is needed which changes the symmetry of the system, i.e. a change of the angle α of the electric field E [27] . is zero. In this case the effective electric field cannot be oriented in the full angle, and the adiabatic generation of the qubit is limited to one hemisphere of the Bloch sphere only. For example for J 31 = 0, the electric field angle can take the values 0 ≤ α ≤ 4π/3 and the encoded qubit is oriented to the north hemisphere (the parameter δ A < 0 and γ A = 0). To encode the qubit on the south hemisphere one needs to perform a diabatic Landau-Zener transition in which the excited state E A + is involved as well [28] . One can also initialize the qubit in the ground state and by proper sequences of pulses perform the Pauli X-gate [49] . This method requires at least three additional pulses which increases the operation time.
Two interacting qubits
Let us now consider two triangular TQD systems interacting with each other as presented in Fig. 1a . The total Hamiltonian can be expressed as
where the interaction term is confined to two neighbourhood spins in the system A and B and is given by
Here, J c is an exchange coupling parameter which can be controlled by a potential gate applied to a tunnel barrier between the qubits similarly like controlling the inter-dot coupling [39] . The two-qubit basis is built from the doublet states (6) and (7), and can be written as:
where |AB corresponds to the state in the qubit A and B. The total spin of two qubit state is S = 1 with S z = +1. The total two qubit Hamiltonian can be written as
where two first terms describe the single qubits A and B. For the electric fields oriented toward the dots 1, i.e. for α = β = 0, the interaction part (14) can be rewritten in the basis (15) as
Using the rotation matrix technic [50] this Hamiltonian can be generalized for any orientation of the electric fields
where R(α, β) = R(α) ⊗ R(β) is the rotation matrix for the two qubit system. The rotation of the electric field in the single qubit A is given by
and similarly for the qubit B.
The interaction Hamiltonian H int (14) does not conserve the local spin numbers in the qubits A and B, which causes leakage from the two-qubit operation space. Therefore, we assume that the inter-qubit coupling J c is small compared to the intra-qubit couplings J
A(B)
i,i+1 and two qubit dynamics can be well described by an interaction Hamiltonian H per derived in the lowest order perturbation theory with J c as a perturbative parameter. Latter, in Sec. 4, we will consider optimal conditions for which leakage is below the threshold for quantum computing.
Using the Pauli matrix representation the perturbative Hamiltonian H per can be expressed as
Here, all the parameters are functions of the angles α and β, and they are proportional to J c . J 0 and J z describe the shift of all two qubits levels and the levels in the single qubits due to the perturbation by J c . For two qubit logical operations important parameters are J zz and J ⊥ which describe the effective coupling between the qubits in the z direction and the x−y plane. Table 1 presents these parameters for some specific angles α = (i−1)2π/3 and β = (j − 1)2π/3, when the electric fields are directed to the dot i and j in the qubit A and B, respectively. For example H per 1−1 corresponds to the Hamiltonian H per (0, 0) given by (17) .
The CP HASE gate demands J zz = 0, moreover the larger value results in a shorter operation time, therefore H has non-zero J ⊥ and can be use to implement the SW AP gate. The similar table, but for the linear TQD configuration, can be found in [36] . Table 1 . Two-qubit interaction parameters calculated in the lowest order perturbation approximation for identical qubits (with δ
The above analysis has been confined to the cases with a single connection between the qubits, however, one can easily generalized it for a multi-connected TQD system. When two TQD systems are connected by their bases then the interaction Hamiltonian has similar form (20) with the parameters being a sum of those from Table 1 for an appropriate direction of the electric field i-j. For example, for the case presented in We expect that for multi-connections the operation time should be shorter for some two-qubit gates.
Two-qubit quantum gates
Let us study the dynamics of two interacting qubits and show how to perform two-qubit quantum logical operations like CP HASE, CN OT , QF T and SW AP . We would like to find most optimal schemes of control pulses which implement these quantum gates. To this end we will consider the evolution of the two-qubit state |Ψ(t) = a 00 (t)|00 + a 01 (t)|01 + a 10 (t)|10 + a 11 (t)|11 (21) derived from the time dependent Schrödinger equation for the Hamiltonian H tot (16) with an appropriate series of pulses.
First, we focus on the CP HASE(ϕ) gate, because it is one of the most universal gates which in combination with one-qubit gates can be used to perform any quantum algorithm. This gate is defined by the diagonal matrix [51] 
where the phase ϕ is added to the qubit B (the target qubit) if and only if the qubit A (the control qubit) is in the state |1 . The gate can be performed by a single electrical pulse which switches on the exchange interaction between two qubits. From Table 1 one can see that the simpler implementation of the CP HASE(ϕ) gate can be done for the electric field orientation 1-1 or 1-2 (1-3). In these cases the parameter J ⊥ = 0, and therefore, the Hamiltonian (20) has an effective Ising form and the logical gate is provided by the interaction J zz . The operation time t CP can be estimated from the condition ϕ = t CP 0 J zz dt [36, 37] and is shortest for the largest J zz . Table 1 shows that the parameter J zz has the largest value for the orientation 1-1, and thus it is the most optimal configuration to perform the CP HASE(ϕ) gate. Taking ϕ = π, J c = 0.1J
A and the exchange parameters J A = J B = 20µeV one can estimate the gate time as t CP = 9π/J c ≈ 2.3 ns for Si quantum dots [52] .
CP HASE(ϕ) for ϕ = π in the combination with the Hadamard gates can be used to perform the CN OT gate. The CN OT operation flips the state on qubit B if and only if the qubit A is in state |1 and is given by
where H B gate is the Hadamard gate performed on the qubit B [40] . The scheme of the realization of the CN OT gate is presented in Fig. 2 . In the first step (see Fig. 2a ) the system is initialized in the state |11 (for the angle α = β = 0). Next, a single pulse is applied to the qubit B which changes β to 3π/4 and the parameters δ B and γ B become equal (see fig 2b) . It induces a rotation around the vector (−1/ √ 2, 0, −1/ √ 2) on the Bloch sphere which corresponds to the Hadamard gate. Afterwards the interaction J c between the qubits is switched on and the CP HASE(π) gate is performed in time t CP , which is seen as the rotation around z-axis over π on the Bloch sphere. Finally one needs to apply another Hadamard gate to the qubit B. Notice that J c = 0 only during the CP HASE(π) operation which reduces leakage processes. Figure 2b presents the occupation probabilities of the two-qubit states during the CN OT operation. At the initial time the system is at the state |11 and the Hadamard gate transforms it to the superposition (|10 − |11 )/ √ 2. The operation time is t H = π/∆ B , which can be estimated as t H ≈ 0.1 ns taking ∆ B ≈ 21.6µeV for Si/SiGe quantum dots [48] . Next the CP HASE(π) operation transforms the system to the state (|10 + |11 )/ √ 2 in the time t CP = 9π/J c ≈ 2.3 ns. Notice that the whole CN OT operation requires 3 pulses only.
We would like to consider the SW AP operation which can be used e.g. in quantum teleportation [53] . The gate swaps the qubit states |01 ↔|10 and can be implemented by three CN OT gates according to the scheme presented above. However, for J ⊥ = 0 (e.g. for the orientation 2-2) the SW AP gate can be performed directly in two pulses only. In the initialization step the qubits are encoded in the state |Ψ ini = |01 by taking α = π, β = 0 for g A E = g B E . Next, the effective electric field E B is reversed by a single pulse in the qubit B (β is changed to π), which changes the qubit symmetry as well. For two decoupled qubits (J c = 0) this operation rotates the state of qubit B around x-axis on the Bloch sphere which is equivalent to the Pauli X-gate [27] . However, if the interaction between the qubits is switched on by the second pulse (J c = 0) then the state on the qubit A simultaneously rotates around the x-axis, which corresponds to the SW AP operation. Notice that both pulses are applied at the same time. In this case the solution of the Schrödinger equation is
where the phase factor φ 0 = −3(J A +J B )/2−J zz +J 0 . One can easily find the operation time t SW AP = π/(4J ⊥ ), which for the considered orientation 2-2 is t SW AP = 6π/J c and is estimated as 1.55 ns for Si devices [52] . The operation time can be even shorter for multi-connected TQD systems. For example, for two triangles connected by their bases the interaction Hamiltonian is the sum H per 2−2 + H per 3−3 , then the parameter J ⊥ is twice larger which implies twice shorter operation time.
The scheme presented above can be implemented to the SW AP family of gates, in general for SW AP 1/m with m ≥ 1 [54, 55] . The most universal is √ SW AP , for m = 2, because along with single qubit gates it can be used to any quantum algorithm. Moreover, it was shown [55] that this gate is the perfect entangler in the SW AP 1/m family. From Eq. (24) one can find the operation time t √ SW AP = π/(8J ⊥ ), which is twice shorter than t SW AP .
As already mentioned, CP HASE(ϕ) can be used in any quantum algorithms, e.g. quantum factoring, quantum phase estimation for finding eigenvalues of a unitary operator as well as the order-finding problem. In all of these algorithm a key ingredient is the quantum Fourier transform (QF T ) [40] . QF T is the unitary operation for performing a Fourier transform of quantum mechanical amplitudes. The quantum circuit for the two-qubit QF T can be expressed as [40] 
QF T = SW AP H
A gate CP HASE(π/2) H B gate (25) and its realization is presented in Fig. 3 . It is similar to the CN OT gate, however the first Hadamard gate is performed on the qubit B whereas the second one on the qubit A. Moreover in the last step the SW AP gate is applied. Notice that the gate CP HASE(π/2) changes the phase of the qubit B by π/2, which means that the operation time is twice shorter. The total time needed for this gate can be estimated as t QF T ≈ 2.9 ns.
Leakage and Fidelity
Let us now discuss in details the leakage which is a measure of how much of the initial qubit state diffuses out of the logical qubit basis. For two interacting TQD systems the total Hamiltonian H tot , Eq. (13), conserves the total spin S = 1 and its z-component S z = +1. However, the interaction Hamiltonian H int does not preserve the local spin numbers in the qubits A and B, which leads to the leakage from the two-qubit space (15) during the logical operations. There are 11 leakage states, which can be constructed from the quadruplets |Q Sz and the doublets |0 Sz , |1 Sz for the individuals qubits. From Table 2 , which presents the leakage states with corresponding energies, one can see that all two-qubit states are separated from the leakage states by the energy gap ∆E = 3J
A(B) /2. Therefore, we expect that the leakage is much suppressed in the considered triangular TQD system in comparison to the linear geometry for with the two qubit state |11 lies above four leakage states [36, 37] . For the weak coupling J c ∆E the leak is small, but on the other hand the gate operation time increases as 1/J c . Therefore, we need to find an optimal value of J c for fast gates and leakage errors below the threshold for fault tolerant computation. The leakage can be defined as [37, 56] 
where P = 1 − l={00,01,10,11} |l l| is the projector off the computation subspace and ρ r = |Ψ r Ψ r | is the density matrix for the real final state |Ψ r after the gate operation. Fig. 4 shows the numerical results of L as a function of J c for the orientation 1-1 after the CP HASE(π) operation. The level distribution in our case, Table 2 , is similar to that one in Josephson qubits [56] , for which the coupling to higher, leakage states can be regarded as a perturbation of the ideal two qubit system. The leakage in this limit can be estimated as proportional to (J c /∆E) 2 [56] , what is presented as a red curved in Fig. 4 . Since the threshold for fault tolerant computation is estimated around 10 [57] our results suggest to take J c ≈ 0.1 as the optimal value for two-qubit operations.
The considerations above have been performed for the ideal generated qubits, with precisely defined initial states, for the specific angels α and β of the electric fields E
A and E B applied in the two-TQD device. However in a real device there are many obstacles to reach these conditions, e.g. an imperfect experimental arrangement or magnetic and charge noises. Since both qubits are encoded in the doublet subspace which is the DFS the system is immune against global magnetic field fluctuations. The other magnetic noise comes from the nuclear spins surrounding the electron trapped in the quantum dot. This local magnetic field, called the Overhauser field, causes leakage out of the computation states to subspace with S z = +1. To suppress this effect we assumed that both the Zeeman magnetic field and the exchange interaction are larger than the Overhauser field. Because of the electrical control of the exchange-only qubits the charge noise should be taken into consideration as well. It was shown [42] that for a single qubit controlled by gating the potential barriers between the quantum dots the sweet spot is located deep in the (1,1,1) regime, where the estimated dephasing time is of the order of µs.
Our studies concern two AEON qubits, where small detuning of the exchange couplings changes the triangular symmetry and all quantum operations are performed in the sweet spot. Our aim is to consider mismatch of the angles α and β of the electric fields on the gate realization. If the angles are not precisely defined, e.g. caused by fluctuations of the gate potentials, then the initial state can be in some superposition with another qubit state. It has impact on realization of a logical operation and a final two-qubit state. The accuracy of the performed operation can be described by the fidelity which is a measure of the distance between two-quantum states, a desired ideal state |Ψ i and a real final state |Ψ r after the gate operation [40] . It can be expressed by
where ρ i = |Ψ i Ψ i | and ρ r = |Ψ r Ψ r | are the corresponding density matrices. For the perfect qubit gate the fidelity is unity, however in real devices it is lowered due an imperfect setup of the initial state (the mismatch of α and β) as well as leakage processes.
For the CP HASE(π) gate the desired state is defined by
After the CP HASE(π) operation all the coefficients should be unaffected, a ij (t CP ) = a ij (0), except a 11 (t CP ) = −a 11 (0) which changes its sign. Fig. 5a ) presents the fidelity for the CP HASE(π) operation in the orientation 1-1 plotted as a function of the angle α (or β) for keeping β (or α) fixed. At α = 0 the parameters γ A = γ B = 0 and the initial state is |Ψ ini = |11 precisely. In this case the fidelity is F (0, 0) ≈ 0.99994. Its value is close to unity but is not unity, because in the calculations we included leakage processes as well. If the initial state is not precisely generated due to a mismatch of the angle α (β), then the parameter γ A(B) = 0 and the single qubit is encoded in the state |1 with some contribution of the state |0 which disturbs the evolution of the qubit. One can observed a coherent rotation between the states |1 and |0 with the oscillation period of the order of 2π/γ A(B) (comparable with t CP ). It affects the real final state |Ψ r and leads to a decrease of the fidelity F . When the control qubit A is in state |0 , then the CP HASE(π) gate does not change the state of the target qubit B. The two qubit system is much less sensitive to the symmetry breaking in both the qubits and the fidelity is close to unity, 0.9992 < F < 0.9997 (see the red curves in Fig. 5a ). Fig. 5b presents the plot of the leakage L after the CP HASE(π) operation. We found that the state |11 is coupled to 7 leakage states. The largest contribution is due to the state |Q +1/2 Q +1/2 for which 11|H int |Q +1/2 Q +1/2 = 2/9J c is the same order as those ones in Table 1 . However, the energy gap is large compared to J c (see Table 2 ) which leads to the leakage L ≈ 6 · 10 −5 , see Fig. 5b ). For the initial state |00 the leakage L = 0, because this state is not coupled to the leakage states.
We performed the fidelity and leakage calculations for the SWAP gate as well (see the bottom panel in Fig. 5 ). The results show that this operation is less sensitive for mismatch of the angels α and β and the fidelity F ≈ 0.9998. In this case the leakage errors are in the order of 10 −5 , see fig. 5d , similarly like for the CP HASE gate. These results suggest that the considered TQD system can be implement for fault tolerant computations even without applying noise corrections sequences [57, 58] .
Conclusion
The main result of this paper is presentation of a full set of single-and two-qubit quantum logical gates which can be easy performed in two AEON qubits each encoded in three coherently coupled quantum dots (TQD) in the triangular geometry. The implementation of the Pauli X-gate, the Pauli Z-gate, the Hadamard gate, CP HASE, CN OT , QF T and SW AP operations can be done in nanosecond time scale by few electrical pulses only. An advantage of the triangular geometry is simpler generation and encoding both of the qubit states by adiabatic Landau-Zener transitions which is in contrast to the linear AEON qubits [34] , where one state is preferable.
The single AEON qubit consists of three electrons and the qubit states are encoded in the doublet subspace which is the decoherence-free subspace [20] and is immune against magnetic noises. Moreover each qubit operates always in the sweet spot, deep in the (1,1,1) charge region, where local charge noise on the quantum dots are suppressed. The triangular symmetry of the system is fully controlled by short voltage pulses (in a scale of nanoseconds) which are applied between the quantum dots to change exchange couplings. The one-qubit gates require only single pulses which is in contrast to linear AEON qubits where at least three pulses are needed [34] . For various orientations of the electric fields in both TQD systems we have shown the most optimal configuration for performing the two-qubit operations.
The CP HASE(ϕ) gate can be implemented easily by means of a single electrical pulse which switch-on the interaction between the qubits.
The most optimal configuration for realization this gate is the configuration of the electric field oriented to the dot 1 in both the qubits (see Fig.1 ) and the estimated operation time for Si quantum dots is t CP ≈ 2.3 ns at ϕ = π. The CP HASE(π) gate, in combination with two Hadamard gates, are used to performed CN OT gate. This gate requires 3 pulses only: the first and third one changes the symmetry of the second qubit and they are used to perform the Hadamard gates, whereas the second pulse performs the CP HASE(π) gate. It is an advantage compared with the linear system for which one needs 19 pulses to realize the CN OT gate [19] . A very similar sequence of pulses can be used to perform the quantum Fourier transform, here CP HASE(π/2) -changes the phase of the target qubit by π/2, and the first Hadamard gate is applied to the qubit B whereas the second one to the qubit A.
We also showed how to perform the SW AP gate. This operation requires the nonzero coupling between the qubits in the x-y plane (with the parameter J ⊥ = 0) and the optimal initial configuration is for the orientation 2-2. This operation needs only two pulses and time t SW AP ≈ 1.5 ns.
Moreover, we considered the fidelity of the two-qubit operations which for CP HASE(π) is very large F ≈ 0.99994 and F ≈ 0.9997 calculated at the initial state |11 and |00 , respectively. When the control of the symmetry of the system is disturbed by environment effects the fidelity is reduced but still very high. We estimated the leakage during the gate operation which is very small, the order of L ∼ 10 −5 . The triangular TQD systems with electrically tunable inter-dot tunnel couplings and local energy levels were already constructed [39, 59, 60] . We hope that the further technological progress in fabrication of semiconducting quantum dots enables in the near future to produce spin-qubit quantum registers based on the triangular TQDs and one can verify our theoretical predictions.
